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Generic chiral superconductors with three-dimensional electronic structure have nodal gaps and are not
strictly topological. Nevertheless, they exhibit a spontaneous thermal Hall effect (THE), i.e. a transverse tem-
perature gradient in response to a heat current even in the absence of an external magnetic field. While in some
cases this THE can be quantized analogous to the Quantum Hall effect, this is not the case for nodal supercon-
ductors in general. In this study we determine the spontaneous THE for tight binding models with tetragonal
and hexagonal crystal symmetry with chiral p- and d-wave superconducting phase. At the zero-temperature
limit, the thermal Hall conductivity κxy provides information on the structure of the gap function on the Fermi
surface and the Andreev bound states on the surface. The temperature dependence at very low temperatures
is determined by the types of gap nodes, point or line nodes, leading to characteristic power law behaviors in
the temperature, as known for other quantities such as specific heat or London penetration depth. The generic
behavior is discussed on simple models analytically, while the analysis of the tight-binding models is given
numerically.
I. INTRODUCTION
Among all the unconventional superconducting phase,
those which break time-reversal symmetry (TRS) belong to
the most interesting cases as they combine two antagonis-
tic features; superconductivity and magnetism. TRS break-
ing phases can generate intrinsic magnetism through sponta-
neous supercurrents at surfaces and intrinsic domain walls and
around impurities or lattice defects1,2. Magnetic fields gener-
ated by such supercurrents have been observed by means of
zero-field µSR3,4. One type of TRS violating superconductors
are those which are chiral, or in the classification of Volovik
and Gor’kov ”ferromagnetic”1. These superconductors show
topological properties and in particular produce subgap chiral
quasiparticle state at surfaces with the normal vector perpen-
dicular to the chiral axis, which is the orientation of the net an-
gular momentum of the Cooper pairs5. Among the unconven-
tional superconductors with broken TRS the most promising
candidates for chiral Cooper pairing are UPt36,7, Sr2RuO43,8,
URu2Si29,10 and SrPtAs4,11.
Sr2RuO4 represents the best-investigated case so far, but
does not entirely conform with expectations. Early on, it has
been guessed that this superconductor could be a so-called
chiral p-wave superconductor of the type px + ipy. While the
µSR and polar Kerr effect measurements3,12 are fully compat-
ible with such a chiral phase, no magnetic field due to currents
of chiral edge states have been observed13–17. This apparent
absence of surface currents has put some doubts on the chi-
ral nature of the superconducting phase in Sr2RuO4. How-
ever, it has to be noted that the charged supercurrent at the
surface is not a universal topologically protected quantity, as
the charge is not conserved in the coherent superconducting
state18–20. On the other hand, the Bogolyubov quasiparticles
form topologically protected chiral Andreev bound states at
the surface, due to bulk-edge correspondence, and carry en-
ergy, which is conserved. Therefore it was proposed that the
analog of the Quantum Hall effect could be found in ther-
mal transport through the thermal Hall effect (THE) or Righi-
Leduc effect could provide a quantized topologically universal
phenomenon21–23.
The thermal Hall conductivity is quantized in the case of
a strictly topological superconducting phase which is fully
gapped. In this case, we expect that in the low-temperature
limit the thermal Hall conductivity κxy is expressed as
κxy =
pi
12
CT, (1)
where C is an integer, the Chern number, characterizing the
chiral superconducting state. Here, we set kB = ~ = 1 for
simplicity. It is important to realize that this THE is spon-
taneous, i.e. no external field has to be applied. It is an in-
trinsic property of the superconductor. For Sr2RuO4, which
has a quasi-two-dimensional band structure with three cylin-
drical Fermi surfaces8, this is in principle possible. How-
ever, most other superconductors are more three-dimensional
and are most likely not truly topological, for the reason that
they have zero nodes in the gap. Point nodes behave like
Weyl points such that this type of superconductor behaves like
a Weyl superconductor that generates Fermi arcs at certain
surfaces10,11,24. Despite not being topological in a strict sense,
these superconductors nevertheless show a spontaneous THE
which is not quantized.
In the present study, we describe the THE of such supercon-
ductors and determine which features are responsible for the
magnitude of κxy(T ). We will show that the zero-temperature
limit is connected with Fermi arcs, while the temperature de-
pendence at low temperatures shows power laws in T due to
low-energy quasiparticles around the gap nodes. For this pur-
pose we will first introduce tight-binding models on tetragonal
and hexagonal crystal lattices for chiral pairing states of types,
px + ipy, dzx + idzyand dx2−y2 + idxy, for different types of Fermi
surfaces. We then derive the basic formalism and analyze the
generic properties of κxy(T ) for these cases in order to show
which information can be extracted.
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2II. FORMULATION OF THE MODEL HAMILTONIANS
We start our discussion introducing the general models for
3D chiral SC with nodal gaps in the quasiparticle spectrum.
For the derivation of the Bogolyubov-de Gennes (BdG) mean-
field Hamiltonian we consider a d-dimensional lattice version
based on a tight-binding band structure and an attractive inter-
site interaction responsible for Cooper pairing. The Hamilto-
nian is composed of two terms
Htot = Hkin + Hint, (2)
corresponding to the kinetic and the two-body interaction
term, respectively, with
Hkin = −
∑
i, j,s
ti, jc
†
i,sc j,s + h.c., (3)
Hint =
∑
i, j,α
Vαi, j ni,αn j,α. (4)
Here, c(†)i,s is the annihilation (creation) operator of an electron
on the site i with spin s (=↑ or ↓) and ni,α = ∑s,s′ c†i,sσαs,s′ci,s′
is the charge (α = 0) and spin (α = 1, 2, 3) density operator
on the site i (σ0 is the 2 × 2-identity matrix and σ1,2,3 are the
Pauli matrices). The hopping matrix elements between dif-
ferent sites i and j are denoted as ti, j and the chemical poten-
tial corresponds to ti,i = µ in our notation. In Hint we use
a density-density type of interaction with coupling Vαi j, be-
tween the sites i and j, whereby we will neglect here onsite
interaction (i = j) which would lead to conventional pair-
ing. For spin-rotation symmetry we may impose the constraint
V0i, j = V
(c)
i, j and V
1,2,3
i, j = V
(s)
i, j .
A. Mean-field BdG Hamiltonian
We can now turn to the usual mean-field decoupling lead-
ing to a BdG-type of Hamiltonian quadratic in the electron
operators,
Hmf =
1
2
∑
~k
Ψ
†
~k
HBdG(~k) Ψ~k, (5)
where Ψt
~k
=
(
c~k,↑ c~k,↓ c
†
−~k,↑ c
†
−~k,↓
)
is the Nambu spinor with the
electron operators in momentum space,
c j,s =
1√
N
∑
~k
c~k,se
i~k·~r j , (6)
where N is the number of lattice sites and ~r j is the position of
site j. This defines HBdG(~k) as a 4 × 4-matrix given by
HBdG(~k) =
 ˆ~k ∆ˆ~k∆ˆ†
~k
−ˆ−~k
 (7)
with
ˆ~k = σ
0~k, (8)
∆ˆ~k =
 ∆↑↑~k ∆↑↓~k∆↓↑
~k
∆
↓↓
~k
 = iσy (σ0d0(~k) + ~σ · ~d(~k)) . (9)
Here, ~k is the tight-binding kinetic energy including the
chemical potential,
~k = −
∑
~Ri, j
ti, jei
~k·~Ri, j , (10)
with ~Ri, j = ~r j − ~ri being the lattice vector connecting site i
and j. The components of the gap function, ∆ss˜
~k
, are defined
through the mean field, first in real space
∆ss˜j,i = −
∑
α,s′,s˜′
Vαi, jσ
α
s,s′σ
α
s˜,s˜′〈c j,s˜′ci,s′〉
= −
∑
s′,s˜′
V˜ ss
′ s˜s˜′
i, j 〈c j,s˜′ci,s〉, (11)
which is transformed in momentum space as
∆ss˜
~k
=
∑
~R j,i
∆ss˜j,ie
−i~k·~R j,i = −
∑
~k′,s′,s˜′
U˜ ss
′ s˜s˜′
~k,~k′
〈c−~k′ s˜′c~k′ s′〉,
U˜ ss
′ s˜s˜′
~k,~k′
=
∑
~R j,i
V˜ ss
′ s˜s˜′
i, j e
−i(~k−~k′)~R j,i , (12)
where 〈A〉 denotes the thermal average of the operator A. The
complex gap function is parametrized by d0(~k) and ~d(~k) =(
d1(~k), d2(~k), d3(~k)
)
, corresponding to one spin-singlet- and
three spin-triplet-components of the pairing state, respec-
tively. In the following, we assume inversion symmetry such
that parity is a good quantum number identifying the singlet
configuration as the even-parity state (d0(−~k) = d0(~k)) and the
triplet components as the odd-parity (~d(−~k) = −~d(~k)). Fur-
thermore, we restrict to unitary states, i.e., ∆ˆ~k∆ˆ
†
~k
is propor-
tional to σ0 for all ~k, avoiding effects of spin polarization2.
For our study, it is sufficient to look at the cases with ~d ‖ zˆ
(d1(~k) = d2(~k) = 0), yielding a separation of the HBdG(~k)-
matrix into two 2×2-blocks within a two-dimensional version
of the Nambu spinor Ψ˜t
~k
=
(
c~k,↑ c
†
−~k,↓
)
. This leads to
H˜mf =
1
2
∑
~k
Ψ˜
†
~k
H˜BdG(~k)Ψ˜~k, (13)
H˜BdG(~k) =
(
~k ∆~k
∆∗
~k
−−~k
)
, (14)
where ∆~k = d0(~k) for even-parity spin-singlet pairing and ∆~k =
d3(~k) for odd-parity spin-triplet pairing. The self-consistent
equation now reads,
∆~k =
1
N
∑
~k′
U~k~k′
∆~k′
2E~k′
tanh
(
E~k′
2T
)
(15)
where U~k,~k′ = U
(0)
~k,~k′
− 3U(s)
~k,~k′
for singlet and U~k,~k′ = U
(0)
~k,~k′
+
U(s)
~k,~k′
for triplet pairing. Moreover, E~k =
√
2
~k
+ |∆~k |2 is the
Bogolyubov quasiparticle energy.
3B. Models of chiral superconductors
Now we consider concrete examples of chiral supercon-
ducting phases in three-dimensional systems with tetragonal
and hexagonal crystal symmetry. The corresponding point
groups are D4h and D6h, respectively. This choice is motivated
by superconductors such as Sr2RuO4, URu2Si2, UPt3 and SrP-
tAs which are considered as candidates that realize chiral su-
perconductivity. The possible chiral phases are listed in Ta-
ble I, in which the states are classified according to their cor-
responding irreducible representation within the point groups.
For the tetragonal system we consider both the spin-singlet
and the spin-triplet phase, and for the hexagonal lattice we re-
strict to the spin-singlet case only. This allows us to cover
most of the generic features, in particular the nodal gaps,
which we would like to address in the following.
Lattice sym. D4h D4h D6h
Irreducible rep. Eg Eu E2g
Pairing dzx + idzy px + ipy dx2−y2 + idxy
Possible nodes LN, PN(n = ±1) PN(n = ±1) PN(n = ±1,±2)
TABLE I. The lattice symmetry, the irreducible representation of the
point group, the pairing function of the Cooper pairs, possible nodes
in the Fermi surface. LN and PN stand for the line node and point
node, respectively. The topological charge of the nodal point is de-
noted by n.
For the kinetic energy, it is sufficient to use a model
with nearest-neighbor hopping. We consider a simple
tetragonal lattice in the case of D4h, and for D6h sim-
ply stacking triangular lattices. We will investigate var-
ious shapes of Fermi surfaces which are accessible in
these systems by merely changing the chemical potential.
More complex shapes could be reached by introducing hop-
ping integrals beyond nearest neighbors, which will, how-
ever, not provide further insights. The pairing interac-
tions correspond to next-nearest-neighbor interaction for Eg
in D4h, represented by ~Ri, j = (±a, 0,±c), (0,±a,±c), and
to in-plane nearest-neighbor for Eu in D4h with ~Ri, j =
(±a, 0, 0), (0,±a, 0) where a and c are the in-plane and out-
of-plane lattice constants. For E2g in D6h, only in-plane
nearest-neighbor interaction is taken into account with ~Ri, j =
(±a, 0, 0), (±1/2,±√3/2, 0), (±1/2,∓√3/2, 0). The geometry
of pairings is depicted in Fig. 1.
The tight-binding bands are given by
~k = −2t1(cos kx + cos ky) − 2t2 cos kz − µ, for D4h (16)
~k = −2t1
2∑
j=0
cos(~k · ~δ j) − 2t2 cos kz − µ, for D6h (17)
with t1 and t2 as hopping matrix elements. Without loss of
generality, we set a = c = 1. The gap functions ∆~k are ob-
tained through Eq. (12), for dzx + idzy belonging to the Eg
representation in D4h,
∆~k = ∆ sin kz(sin kx + i sin ky), (18)
(a) dzx + idzy (b) px + ipy (c) dx2−y2 + idxy
FIG. 1. The colored solid lines denote the pairing interaction, where
singlet (triplet) pairing is expressed by red (blue). Implicitly we as-
sume specific crystal field which results in the corresponding irre-
ducible representation: Eg and Eu of D4h and E2g of D6h. The dashed
lines indicate the nearest-neighbor hopping.
for px + ipy in the Eu of D4h,
∆~k = ∆(sin kx + i sin ky), (19)
and the dx2−y2 + idxy-state in E2g of D6h,
∆~k = ∆
2∑
j=0
ω j cos(~k · ~δ j). (20)
Here ω = e2pii/3, and the direction unit vectors are defined as
~δ0 = (1, 0, 0), ~δ1 = (1/2,
√
3/2, 0), ~δ2 = (−1/2,
√
3/2, 0). Like
the tight-binding energy bands also the gap functions defined
in this way are periodic in reciprocal lattice. All supercon-
ducting phase have their chiral axis along the z-direction.
III. TOPOLOGICAL PROPERTIES
In this section, we analyze the topological properties of our
models. We introduce the Berry curvature in reciprocal space
and the Chern number characterizing the chiral superconduct-
ing phases on the basis of the Berry connection. For our dis-
cussion, it turns out to be useful to define a Chern number
by slicing the Brillouin zone. As all examples of our chiral
phases have their chiral axis along z-direction, this is done
by considering a 2D Brillouin zone (BZ) (parallel to the kx-
ky-plane) for a fixed kz. This type of Chern number can be
determined in a rather simple way based on the Fermi surface
topology and the presence of singular points of the gap func-
tion within the BZ, as we point out below. This scheme allows
us also to determine the presence of the zero-energy Andreev
bound states (ZEABS) on the surface BZ. The bulk-edge cor-
respondence is clearly confirmed by comparing these ZEABS
with the kz-dependent Chern number.
A. Chern number
Topological phases can be characterized by topological in-
variants. For time reversal symmetry breaking phases, the
Chern number is the most common among them, and can be
calculated through an integral of the Berry curvature in the
reciprocal space. Generally, the Berry curvature ~Ωn,~k in the
4reciprocal space is a U(1)-gauge invariant quantity defined as
the curl of the Berry connection ~An,~k,
~Ωn,~k =
~∇~k × ~An,~k, (21)
~An,~k = i
〈
un,~k
∣∣∣∣ ~∇~k ∣∣∣∣ un,~k〉 , (22)
where |un,~k〉 is the nth eigenstate with energy n,~k of the Bloch
Hamiltonian H~k satisfying H~k |un,~k〉 = n,~k |un,~k〉.
Considering our BdG Hamiltonian, only the z-component
of the Berry curvature is relevant. Restricting here on a single
electron band, we can express the Berry curvature as25,
Ωz
~k
=
1
2
mˆ~k · [∂kxmˆ~k × ∂kymˆ~k] (23)
with
~m~k =
(
Im∆~k,Re∆~k, ~k
)
(24)
and mˆ~k = ~m~k/|~m~k |, as derived in Appendix A. This allows us to
define a topological invariant, a Chern number, for any fixed
value of kz,
C(kz) = 2pi
∫
BZ(kz)
dkxdky
(2pi)2
Ωz
~k
, (25)
where the integral only runs over the kx-ky-cross-section of the
BZ for fixed kz (BZ(kz)). This yields an integer value C(kz) for
any kz where Ωz~k has no zeros in BZ(kz).
It turns out that this Chern number can be identified with
the winding number of the gap function ∆~k around the Fermi
surface,
C(kz) =
1
2pi
∮
FS(kz)
d~k · ~∇~karg(∆~k). (26)
To use this convenient feature systematically, we setup the fol-
lowing scheme. Analyze the zeros of ∆~k within the BZ and
determine their ”charge” or winding number n. For the exam-
ple of the chiral p-wave state in Eq. (19), we find one zero
(a)
(b) (c)
FIG. 2. (a) The cross section of the Brillouin zone for the tetragonal
lattice. The complex phase of the gap function winds +(−)2pi around
the black (red) dots. (b)(c) Representative cross sections of the Fermi
surface denoted by the orange line. The Chern number is given as +1
and −1, respectively.
in the center and three at the boundary of BZ(kz) (see Fig. 2).
Expanding ∆~k = ∆(sin kx+ i sin ky) around these zeros we find,
~k0 = (0, 0, kz) ∆~k ≈ +∆(qx + iqy) = +∆qeiθ~q (27)
~k1 = (pi, pi, kz) ∆~k ≈ −∆(qx + iqy) = −∆qeiθ~q (28)
~k2 = (pi, 0, kz) ∆~k ≈ −∆(qx − iqy) = −∆qe−iθ~q (29)
~k3 = (0, pi, kz) ∆~k ≈ +∆(qx − iqy) = +∆qe−iθ~q (30)
where ~q = ~k − ~kn and θ~q is the polar angle of (qx, qy) and
q = |~q|. The charge n is defined through einθ~q . In Fig. 2(a) the
black dots have n = +1 and the red dots n = −1. The Chern
number is determined by the cross section of the Fermi sur-
face at given kz. Following the Fermi surface line in positive
direction, the Chern number C(kz) is given by the total charge
encircled. This is +1 in Fig. 2(b) for the electron-like Fermi
surface around the BZ center and −1 for the hole-like Fermi
surface, which surrounds the corner point with charge +1 in
opposite orientation (orientation of the arrows), in Fig. 2(c).
Note that we have discussed the state with positive chirality as
given in Eq. (19). The charges as well as the Chern number
change sign, if we consider the the operation of time reversal
that yields opposite chirality.
The analogous picture we obtain for the chiral d-wave
phase with ∆~k in Eq. (20), which has the zeros at (see Fig.
3(a)),
~k0 = (0, 0, kz) ∆~k ≈ ∆(qx + iqy)2 = ∆q2ei2θ~q ,(31)
~k1 = (0, 4pi/
√
3, kz) ∆~k ≈ ∆(qx − iqy) = ∆qe−iθ~q , (32)
~k2 = (2pi, 2pi/
√
3, kz) ∆~k ≈ ∆(qx − iqy) = ∆qe−iθ~q , (33)
yields charge +2 for the gap zero at the BZ center (black dou-
ble dot) and −1 at the BZ corners (red dots). This leads to a
Chern number +2 for the electron-like Fermi surface in Fig.
3(b) and −2 for the hole-like Fermi surface of Fig. 3(c), as
two zeros are encircled.
The Chern number C(kz) is a piece-wise constant function
of kz. As kz varies, C(kz) shows jumps from one integer to an-
other, corresponding to a ”topological phase transition” where
the gap on the Fermi surface cross-section vanishes, as in a
usual topological transition.
B. Bulk-edge correspondence
The Chern numberC(kz) is directly reflected in the presence
and structure of edge states through the bulk-edge correspon-
dence. Here, we illustrate this for a few examples, assuming
a planar sample surface for our superconductor with its nor-
mal vector along the x-direction and translational symmetry
for the other two directions. We focous on the ZEABS which
belong to the chiral edge modes of Bogolyubov quasiparticle
states propagating in a positive or negative direction along the
y-direction depending on the associated Chern number. Again
we always assume, for simplicity, a SC state with positive chi-
rality, defined by the sign of the charge at kx = ky = 0.
Tetragonal symmetry: As a first concrete case, we consider
the dzx + idzy-wave SC for three different shapes of the FS as
5(a)
(b) (c)
FIG. 3. (a) The cross section of the Brillouin zone for the hexagonal
lattice. The complex phase of the gap function winds +4pi around
the black double circle. (b)(c) A cross section of the Fermi surface
denoted by the orange line. The Chern number is +2 in the either
case.
shown in Fig. 4, which can be obtained by different choices
of the hopping matrix elements and the band filling. Fig. 4(a)
shows a type A FS which is electron-like and closed. The
gap function has a horizontal line node at kz = 0 (purple line)
and point nodes at ~k = (0, 0,±k0) (black dot corresponding to
black dots in Fig. 2), the top and bottom of the FS (k0 depends
on the band filling). In Fig. 4(d) we see the Chern number
C(kz) which is +1 for −k0 < kz < k0 and zero otherwise. The
corresponding ZEABS, or “the Fermi surface arc”, is marked
by a dashed red line for ky = 0 and −k0 < kz < k0. Here,
we find one ZEABS with positive chirality in the range of kz
where C(kz) = +1. Generally, the number of chiral ZEABS
with positive and negative chirality, denoted by N+(kz) and
N−(kz), respectively, obeys the relation26,
N+(kz) − N−(kz) = C(kz). (34)
Stepping to Fig. 4 (b) with a type B FS which open along the
kz-axis, we find line nodes for kz = 0 and ±pi. HereC(kz) = +1
for all kz in the BZ as shown in Fig. 4(e) with a chiral ZEABS
for ky = 0 along kz-axis (dashed red line).
More complex is the type C FS shown in Fig. 4(c), which is
open along all main axes. Again we find nodal lines in the gap
for kz = 0 and ±pi as the case of the type B FS. Additionally
there are point nodes at BZ boundary at ~k = (0,±pi,±k′0) and
(±pi, 0,±k′0). By scanning kz, we find the Chern number is
C(kz) = −1 for −k′0 < kz < +k′0, where FS(kz) is hole-like,
and C(kz) = +1 for k′0 < |kz| < pi, where FS(kz) is electron-
like. The corresponding ZEABS are drawn as Fermi arcs in
Fig. 4(f) by a dashed red line (positive chirality mode) at ky =
0 in the range of C(kz) = +1 and by a dashed yellow line
(negative chirality mode) at ky = ±pi where C(kz) = −1. Note,
to be precise, that C(kz) is not defined for kz where we have a
horizontal line node.
The characterization of the FS can be done in the same way
for the px + ipy-wave case in a system with tetragonal sym-
metry. Here, the main difference compared to the dzx + idzy-
wave SC is the absence of the horizontal line nodes in the gap,
which is insignificant since line nodes has no influence on the
topological structure of the state, i.e., there is no topological
transition if kz passes a line node. Considering the same FS
structures, we find the same Chern numbers, apart from the
singularities for certain kz with the line nodes.
Hexagonal symmetry: In Fig. 5, some representative cases
for a dx2−y2 + idxy-wave SC on a hexagonal lattice are shown.
The most notable difference between the previous two models,
apart from the underlying lattice structure, is the higher orbital
angular momentum of the Cooper pairs. The component Lz,
the projection on the z-axis, is ±2 and hence the Chern number
at a given kz can take on values ±25,27. The labeling of the
FS types is analogous to tetragonal lattice. The type A FS
hosts two point nodes at ~k = (0, 0,±k0) (marked by double
black points in Fig. 5(a)) with charge +2 as in Fig. 3. For
the range |kz| < k0, we find C(kz) = +2 leading ot two ZEABS
connecting the points kz = ±k0 (ky = 0) where the nodal points
are the source of two Fermi arcs, in accordance with the bulk-
edge correspondence (Fig. 5(d)).
For the open type B FS as in Fig. 5(b), we find the Chern
(a) Type A FS (d) Type A SBZ and C(kz)
(b) Type B FS (e) Type B SBZ and C(kz)
(c) Type C FS (f) Type C SBZ and C(kz)
FIG. 4. (a)(b)(c)The representative Fermi surfaces of dzx + idzy-wave
superconductor on a tetragonal lattice. While nodal lines are located
at kz = 0,±pi, nodal points are (a) at (kx, ky)=(0,0) (b) absent, (c) at the
sides of the Brillouin zone. The parameters are taken as (t2/t1, µ/t1)
= (0.85,-3.1), (0.4,-2.6), and (1, -1), respectively. (d)(e)(f) The (100)
surface Brillouin zone and the kz-dependence of the Chern number.
The red (yellow) dotted lines denote positive (negative) chiral edge
states, and the purple real lines correspond to bulk-gap closing due
to the nodal line.
6(a) Type A FS (d) Type A SBZ and C(kz)
(b) Type B FS (e) Type B SBZ and C(kz)
(c) Type C FS (f) Type C SBZ and C(kz)
FIG. 5. (a)(b)(c) The Fermi surface of dx2−y2 + idxy-wave supercon-
ductor on a hexagonal lattice. Nodal points are (a) at (kx, ky)=(0,0),
(b) absent, (c) at the corners. The parameters are taken as (t2/t1, µ/t1)
=(1.5,−3.5), (0.5,−3.5), and (−1.5, 3.5), respectively. (d)(e)(f) The
(100) surface Brillouin zone and the kz-dependence of the Chern
number. The red lines denote positive chiral edge states.
number C(kz) = +2 for all kz in the BZ and correspondingly
two ZEABS of positive chirality as depicted in Fig. 5(e). The
case of type C FS in Fig. 5(c) has nodal points with charge
−1 at the corners of the BZ boundary, colored red following
Fig. 3, for the range |kz| < k′0 where the Chern number is
C(kz) = +2. This yields two ZEABS with positive chirality,
connecting the projection of the nodal points.
For all these case, the bulk-edge correspondence is clearly
obeyed.
IV. THERMAL HALL CONDUCTIVITY
We turn now to the THE or Righi-Leduc effect of 3D chi-
ral SCs with the aim to extract information connected with
topology of the pairing state and the gap nodes. In a chiral
SC, the THE appears spontaneously in the SC phase without
applying a magnetic field. The expression of the thermal Hall
conductivity is given by22,28–31
κxy =
1
4piT
∫ ∞
−∞
d2
(
−d f
d
)
Λ(), (35)
Λ() = 2pi
∫
BZ
d3k
(2pi)3
∑
n
Ωz
n,~k
Θ( − En,~k), (36)
where f () = 1/(1 + exp(/T )) is the Fermi-Dirac distribu-
tion, Θ(x) is the step function, and n is the band index cor-
responding to the n-th energy band. In the low-temperature
limit (T  Tc), we find the approximate expression,
κxy ∼ κLxy =
Λ(0)
4piT
∫ ∞
−∞
d2
(
−d f
d
)
, (37)
Λ(0) = 2pi
∫
BZ
d3k
(2pi)3
∑
n
′
Ωz
n,~k
. (38)
Note that the sum is taken over bands n with negative energy
only (En,~k < 0), corresponding to the occupied bands.
A. The leading order
As the leading order in the low-temperature limit, we obtain
the following T -linear term,
κLxy =
Λ(0)
2
piT
6
. (39)
To determine Λ(0), we treat the kz-integration separately
from the other two dimensions, and use Eq.(25)22 to rewrite
Eq.(38),
Λ(0) =
∫ +pi
−pi
dkz
2pi
∑
n
′ ∫
BZ(kz)
d2k
2pi
Ωz
n,~k
=
∫ +pi
−pi
dkz
2pi
∑
n
′
Cn(kz).
(40)
Let us consider here the three types of FS for systems with
tetragonal crystal symmetry in the dzx + idzy-wave state, which
is shown in Fig. 4. Among these, only the type B FS takes an
integer value, Λ(0) = 1, corresponding effectively to a two-
dimensional system. We find Λ(0) = k0/pi for the type-A FS,
and
Λ(0) =
pi − k′0
pi
− k
′
0
pi
=
pi − 2k′0
pi
, (41)
for the type-C FS. In these latter two cases, Λ(0) is not an
integer in general, as C(kz) is not constant as function of kz,
but only contributes in the range where we have ZEABS, or
the Fermi arcs, in the surface BZ. In this way, Λ(0) contains
the information on the ”length” of the Fermi arcs shown in
Fig. 4(d)-(f), or more accurately, the distance between the
projections of the Weyl points connected by the Fermi arc.
B. Corrections due to nodal gaps
The limiting behavior in Eq. (39), which is connected with
the topological properties, that results from the approxima-
tion Eq. (37) is valid only in the very low-temperature limit.
7Correction to κxy under increasing temperatures provide sig-
natures of the quasiparticle excitations which are dominated
by the gapless excitations originating from the existence of
line and point nodes in the gap. It is helpful to consider the
structure of Λ() which determines the low-T behavior of κxy.
For nodal gaps, one finds that the leading correction for small
 (||  ∆) takes the form of a power law,
Λ() ≈ Λ(0) + Mp ||p , (42)
where Mp is a coefficient depending on details of the model,
while the power p is an integer and uniquely determined by
the topology and shape of the nodes. From Eq. (42), we
straightforwardly obtain the leading correction to κLxy,
∆κxy ∼ Mp4pi T
p+1
∫
d| |p+2
(
− d
d
f ()
)
(43)
=
Mp
4pi
(p + 2)!(2p+1 − 1)
2p
ζ(p + 2)T p+1, (44)
where ζ(s) is the Riemann zeta function.
In the following, we explore how the nodal structure of the
gap function is reflected in the power p both analytically and
numerically. The effect of nodes and the results in the three
concrete models discussed above are summarized in Table II
and III, respectively.
1. Effect of nodal lines
We use a simple example to calculate the corrections to κLxy
when line nodes dominate the low-energy excitations. Assum-
ing dzx + idzy-wave pairing on an isotropic Fermi surface, we
consider the following band and gap structure,
~k = A(~k
2 − k2F), (45)
∆~k =
∆0
k2F
kz(kx + iky), (46)
type of nodes ∆κxy
line ∝ T 2
point
(winding = n) ∝ T
1+2/|n|
TABLE II. The temperature dependence of the correction terms orig-
inating in nodes.
Pairing FS type ∆κxy dominant node
dzx + idzy Fig. 4: A, B, C ∝ T 2 line
px + ipy Fig. 4: B ∝ e−∆/T nodeless
Fig. 4: A,C ∝ T 3 point n = 1
dx2−y2 + idxy Fig. 5: B ∝ e−∆/T nodeless
Fig. 5: A ∝ T 2 point n = 2
Fig. 5 C ∝ T 3 point n = 1
TABLE III. The temperature dependence of correction terms in dif-
ferent pairing function and the Fermi surface.
where A = ~2/2m∗ with m∗ the effective mass, ∆0 is the gap
magnitude, and kF is the Fermi wave length. For this closed
FS, we safely ignore the periodic structure of the spectrum in
reciprocal space. A nodal line is realized at kz = 0, the equa-
tor of the Fermi sphere. We then focus on the quasiparticle
spectrum in the vicinity of this line node,
E2~k = 
2
~k
+ |∆~k |2 ≈ 4A2k2Fk2 + ∆20
k2z
k2F
, (47)
where k measures the deviation of the wave vector from the
FS in the kx-ky-plane. Now we determine the Berry curvature
from
~m~k =
∆0 kzky
k2F
,∆0
kzkx
k2F
, A(~k2 − k2F)
 . (48)
With the approximations near the nodal line, we obtain
Ωz
~k
=
A∆20k
2
z
k2FE
3
~k
. (49)
The integration of the Berry curvature is straightforward,
Λ() = Λ(0) +
∫
d3k
(2pi)2
Ωz
~k
Θ( − E~k)
≈ Λ(0) − MLN|| + O(2), (50)
where
MLN =
kF
8∆0
(51)
and Λ(0) = kF/pi. Using Eq. (50), the thermal Hall conduc-
tivity can be obtained as
κxy =
piΛ(0)
12
T − 9ζ(3)
4pi
MLNT 2 + O
(
T 3
)
. (52)
Here we restrict to the leading contribution of the line nodes
and neglect the effect of the two point nodes along kz, which
yield a contribution of higher power in T . Our analysis can
easily be extended to the system with multiple nodal lines.
The second term of Eq. (52) is then replaced by a sum of
different contributions.
In Fig. 6, we display the numerical result of Λ() in
dzx + idzy-wave SC for a type-A FS with a single line node
and two point nodes of n = 1. The line nodes dominate
the low-energy part of Λ() and the Fermi arc has a finite
length so that Λ(0) < 1. The linear lines are fits by Eq. (50),
where we determine kF from Eq. (16) at the nodal points, i.e.
−4t1 − 2t2 cos(kF) − µ = 0, and approximate ∆0 by ∆. It fits
the low-energy behavior of Λ() well, supporting the validity
of our analytical calculation. In particular, also the inverse-
∆0-dependence is reproduced well. Obviously Λ() has to be
stronger suppressed by smaller ∆0, which is a measure for the
strength of the superconducting phase, as the normal electron
density is detrimental to the thermal Hall effect.
In Fig. 7, we show the corresponding temperature de-
pendence of κxy. We observe a linear approach to the zero-
temperature value of κxy/T . This limiting value provides in-
formation of topological nature on the Fermi arc and the linear
slope is a consequence of the line node. The lines in Fig. 7
(b) are fits by Eq. (52).
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FIG. 6. (a) The  dependence of Λ for dzx+idzy-wave SC with A-type
FS for model of Eq. (16) with the parameters t2/t1 = 3, µ/t1 = −9.8,
and the unit for the energy, , is t1, which is taken as unity. The
filled circle, open triangle, and open diamond are numerical results
for ∆/knF = 0.05, 0.1, 0.2, respectively, for the gap function of Eq.
(18). (b) Enlarged region marked by gray dotted rectangle in (a).
The solid, dashed, and dotted lines correspond to the fit using Eq.
(50).
(a) (b)
FIG. 7. (a) κxy/T numerically calculated for dzx + idzy-wave SC in
a tetragonal lattice with a FS type A with the parameters identical
to Fig. 6. The unit for the temperature, T , is taken as t1 = 1. (b)
Enlarged region marked by gray dotted rectangle in (a). The solid,
dashed, and dotted lines correspond to the fit using Eq. (52).
C. Effect of nodal points
Next, we turn to the influence of point nodes by considering
the examples of the px + ipy-wave and the dx2−y2 + idxy-wave
superconducting phases, both with point nodes along the kz-
axis. However, it is important to notice that the winding num-
ber of the point nodes for type-A Fermi surfaces is different
for the two cases; n = 1 for px + ipy-wave and n = 2 for
dx2−y2 + idxy-wave. This is reflected in the k-dependence of ∆~k
around the nodes. For our analytical treatment, we consider
again a spherical FS and the corresponding gap functions,
~k = A(~k
2 − k2F), (53)
∆~k =
∆0
knF
(kx + iky)n. (54)
We concentrate on the point node at ~k = (0, 0, kF) where the
Bogolyubov quasiparticle spectrum can be approximated by
E2~k ≈ A
2(k2 + 2kFq)2 + ∆20
k2n
k2nF
(55)
with kz = kF +q and k2 = k2x +k
2
y . Following Eq. (24) we write
~m(1) =
(
∆0
ky
kF
,∆0
kx
kF
, A(~k2 − k2F)
)
(56)
for n = 1 and
~m(2) =
∆0 2kxkyk2F ,∆0
k2x − k2y
k2F
, A(~k2 − k2F)
 (57)
for n = 2. From this we obtain the approximate contribution
of the point nodes to the Berry curvature
Ω
(1)
~k
≈ A∆
2
0
2k2FE
3
~k
(k2 − 2kFq) (58)
and
Ω
(2)
~k
≈ −4A∆
2
0
kFE3~k
k2q. (59)
Analogous to the previous section, we can now calculate the
deviation of Λ() from Λ(0) due to the given point node as
Λ(n)() − Λ(n)(0) =
∫
d3k
(2pi)2
Ω
(n)
~k
Θ( − E~k)
≈ M(n)PN||n/2 + O(1+n/2). (60)
with Λ(n)(0) = nkF/pi where n counts the number of Fermi
arcs of length kF/pi between the projected Weyl points. The
evaluation of the integral leads to
M(n)PN =
 kF6pi∆20 , n = 1,kF
8∆0,
n = 2,
(61)
where the point node at ~k = (0, 0,−kF) would give the same
contribution. Consequently, the leading correction in the tem-
perature dependence has the form
κ(1)xy =
piΛ(1)(0)
12
T − 7pi
3
30
M(1)PNT
3 (62)
and
κ(2)xy =
piΛ(2)(0)
12
T − 9ζ(3)
2pi
M(2)PNT
2. (63)
Different winding number n of the point node is reflected in
the different power laws. We can compare this feature again
with numerical calculation for specific models on a hexagonal
lattice with a dx2−y2 + idxy-wave superconducting state. For the
purpose of illustration, we choose the FS of type A and C in
Fig. 5 (a) and (c), respectively. For the type A FS the point
nodes are expected to have winding n = ±2 along the line
kx = ky = 0. On the other hand, for the type C FS, point nodes
at the BZ boundary have winding number n = ±1. Thus, we
expect different power law behavior in Λ() according to our
discussion for these two cases.
In Fig. 8 and Fig. 9, we display the numerical result of
Λ() and κxy/T for a type A and type C FS, respectively. As
is expected, the fitting lines correspond with the results very
well, strongly supporting our analytical description. Here, we
determine kF from the kinetic energy, Eq. (17), as in the pre-
vious section, and ∆0 from the expansion coefficient of Eq.
(20).
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FIG. 8. (a)(b) Dependence of Λ on  and κxy/T on T for dx2−y2 + idxy-
wave SC with A-type FS for model of Eq.(17) with the parameters
t2/t1 = 1.5, µ/t1 = −8. The unit for  and T is identical as declared
before. The filled circle, open triangle, and open diamond are nu-
merical results for ∆/knF = 0.05, 0.1, 0.2, respectively, for the gap
function of Eq. (20). The solid, dashed, and dotted lines correspond
to the fit using Eq. (63).
● 0.05
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FIG. 9. (a)(b) Dependence of Λ on  and κxy/T on T for dx2−y2 + idxy-
wave SC with C-type FS for model of Eq. (17) with the parameters
t2/t1 = −1.5, µ/t1 = 5.3. The unit for  and T is identical as de-
clared before. The filled circle, open triangle, and open diamond are
numerical results for ∆/knF = 0.05, 0.1, 0.2, respectively, for the gap
function of Eq. (20). The solid, dashed, and dotted lines correspond
to the fit using Eq. (62).
V. DISCUSSION
The spontaneous thermal Hall effect in chiral superconduc-
tors conveys specific information. First of all, the observa-
tion of a non-vanishing value of κLxy can be considered as ev-
idence for chirality of a superconductor and the geometry of
the measurement allows us to determine the chiral axis. We
have seen that the κxy/T in the limit T → 0 (κLxy/T ) provides
input on the the Chern number combined with the projected
distance of Weyl points connected by Fermi arcs on the sur-
face. Combined with other measurements of the Fermi arcs,
e.g. ARPES, there is even a chance to determine kz-dependent
Chern number C(kz) to further characterize the chiral super-
conducting phase. The deviation from the limiting value at
T = 0, ∆κxy, contributes insight into the nodal structure of the
gap through the temperature dependence, which has the form
of power laws for nodal gaps. Note that such power laws
are also known from other, more readily accessible, quanti-
ties such as the specific heat, London penetration depth, NMR
1/T1 and ultrasound absorption rate. Naturally the analysis
of experimental results would be rather involved in case of a
multi-band superconductor, as is usually the case for real ma-
terials.
A comment to the quantitative level is in order here. The
magnitude of κLxy/T is estimated by
κLxy
T
∼ pi
12
Λ(0)
k2B
~
∼ 10−4 − 10−3 W
K2m
(64)
for Λ(0) ∼ kF/pi ∼ 1/d with a c-axis lattice constant of
d ∼ 1nm (layer distance). This is not easy to resolve at very
low temperatures as necessary for the candidate chiral super-
conductors listed below. We then consider the relative mag-
nitude of the correction ∆κxy/T for the case of a nodal line in
the gap as given by Eq. (52),∣∣∣∣∣∣∆κxyκLxy
∣∣∣∣∣∣ ≈ 27ζ(3)pi2 MLNΛ(0)T ∼ T∆0 , (65)
and for point nodes of charge n = 1 following Eq. (62),∣∣∣∣∣∣∆κxyκLxy
∣∣∣∣∣∣ ≈ 84pi230 M
(1)
PN
Λ(0)
T 2 ∼ T
2
∆20
. (66)
This result is per nodal point or line and estimates the contam-
ination of the zero-temperature limit by quasi-particle con-
tamination through thermal activation. Note that, in case of
a nodeless gap, this ratio is given by∣∣∣∣∣∣∆κxyκLxy
∣∣∣∣∣∣ ∼ e−∆0/T . (67)
Let us briefly address a few examples of potential chiral
superconductors. Sr2RuO4 and URu2Si2 share the tetrago-
nal symmetry of their crystal structure. The first is con-
sidered to be a chiral p-wave superconductor of the type
px + ipy3,8,12, and the second a chiral d-wave superconduc-
tor with dzx + idzy- pairing structure9,10. The gap structures
impose point nodes on the first and point and line nodes on
the second, in the generic case with A-type of Fermi surfaces.
Note that Sr2RuO4 has a quasi-two-dimensional band struc-
ture with three bands being of B-type8. Thus, in this latter
case, we would not expect power law behavior for temperature
dependence of ∆κxy, but rather an exponential type, whereby
the gap may actually be rather small as the minimal gap value
is relevant. All these states would in their simplest realization
give rise to C(kz) = 0,±1 on a given Fermi surface.
Hexagonal symmetry is the underlying crystal structure for
the candidates UPt3 and SrPtAs. The heavy Fermion su-
perconductor UPt3 has a double transition breaking time re-
versal symmetry below the second transition. For the low-
temperature phase various chiral pairing states have been pro-
posed: the chiral p-wave state px + ipy, the two chiral f -wave
state, fx(5z2−r2) + i fy(5z2−r2) and fz(x2−y2) + i fzxy belonging to
the representations E1u and E2u respectively7. Note that the
E1u state (including also the chiral p-wave state) has minimal
C(kz) = 0,±1 on a single Fermi surface. On the other hand,
the E2u yields like the dx2−y2 + idxy-state Chern numbers up to
10
2. Also SrPtAs, potentially a chiral d-wave superconductor of
the type dx2−y2 + idxywithin the representation E2u4,11, belongs
to this class.
Eventually we would also like to mention that the model
cases discussed in section II B represent the most simple ver-
sions of chiral superconductors. We modify here the case of
the chiral px + ipy-wave superconductor by changing from
in-plane nearest-neighbor pairing in Eq.(19) to next-nearest
neighbor pairing where ~Ri j = (±a,±a, 0) leading to
∆~k = ∆0
(
cos ky sin kx + i cos kx sin ky
)
. (68)
This state has new zero-lines in the Brillouin zone,
~k0,1 = (0, 0, kz), (pi, pi, kz), n = 1,
~k2,3 = (pi, 0, kz), (0, pi, kz), n = 1,
~k4−7 = (±pi/2,±pi/2, kz), n = −1.
(69)
This new lines of zero can lead to additional structure inC(kz),
if they are encircled by the Fermi surface in BZ(kz). For a A-
type FS there can be a range of kz for which C(kz) = −3,
C(kz) =

−3 |kz| < k′
+1 k′ < |kz| < k′′
0 k′′ < |kz| ≤ pi
(70)
which generates, by bulk-edge correspondence, four new
Fermi arcs of negative orientation that connect the new Weyl
points at kz = ±k′. This structure naturally complicates the
analysis of κxy, as not only Λ(0) changes but also ∆κxy in-
volves eight additional point nodes. The observation of the
Fermi arcs by means of ARPES, however, could help to antic-
ipate the complication.
VI. CONCLUSIONS
The spontaneous thermal Hall effect in (quasi) two-
dimensional chiral superconductors is expected to be univer-
sally quantized at low temperatures, reflecting the topology of
this phase21,22. In three-dimensional superconductors this is
not the case anymore, because a chiral superconductor is not
anymore a topological phase due to zero nodes in the excita-
tion gap, imposed by symmetry and gap structure. While the
universal quantization is not realized anymore, we neverthe-
less expect a spontaneous thermal Hall effect. In this paper we
have analyzed what information is contained in the signal κxy
as a function of temperature.
The value of κxy/T in the zero-temperature limit (κLxy/T )
provides information about the topological structure of the
pairing state. The value of κLxy/T consists of the contribu-
tions of all Fermi arcs of the edge states connecting projected
Weyl point at a given surface. Each point on a Fermi arc con-
tributes ±pi/12 to κLxy/T which, together with the knowledge
of the Fermi arc structure by other experiments, can be used
to extract information about the structure of the gap function.
The nodal structure is reflected by the deviation of κxy/T from
κLxy/T as a function of temperature. As this is due to the quasi-
particle excitations the nodal states govern the behavior and
lead to a power law dependence in T . The power is deter-
mined by the structure of the nodes, whether they are line or
point nodes and by the winding number in the case of point
nodes.
We intentionally avoid the discussion of the effect of ex-
ternal magnetic fields here as this involves various aspects
which are beyond the scope of our paper32,33. Magnetic fields
can, however, be an issue because of the requirement that the
superconducting phase is single domain. The fact that both
chiralities are energetically degenerate in zero magnetic field,
introduces the possibility of chiral domain formation which
would spoil our discussion. On the other hand, undergoing
the superconducting phase transition in a magnetic field par-
allel to the chiral axis would be one way to achieve the sin-
gle domain situation. For a clean experimental investigation
it would have to be carefully checked that the measurements
would not be contaminated by trapped flux.
Despite all complications, we believe that the measurement
of the thermal Hall effect would be a neat consistency check
for the existence of chiral Cooper pairing in time reversal sym-
metry breaking superconducting phases. The hope is that in
future chiral superconductors would be discovered with a con-
siderably higher critical temperature than seen in the examples
mentioned above.
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Appendix A: single-band Berry curvature
Here we calculate the Berry curvature in a two-level
system25 in order to justify the expression in Eq. (23). The
generic Hamiltonian dependent on an external parameter ~k =
(kx, ky, . . . ) ∈ Rn (n ≥ 2) takes the form,
H = ~h(~k) · ~σ, (A1)
where the ~σ = (σx, σy, σz) is the Pauli matrix. Parameteriz-
ing the vector as ~h(~k) = (sin θ~k cos φ~k, sin θ~k sin φ~k, cos θ~k), the
eigenstates with energy ±|~h(~k)| can be concisely expressed as
|u−(~k)〉 =
 sin θ~k2 e−iφ~k
cos θ~k2
 , (A2)
|u+(~k)〉 =
 cos θ~k2 e−iφ~k
sin θ~k2
 . (A3)
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For simplicity, we drop the index~k in the following. The Berry
connection of the lower (occupied) band is given by
A−θ = 〈u−|i∂θu−〉 = 0, (A4)
A−φ = 〈u−|i∂φu−〉 = sin2
θ
2
, (A5)
(A6)
and accordingly the Berry curvature is
Ω−θφ = ∂θA−φ − ∂φA−θ =
1
2
sin θ. (A7)
By simply considering the variable transformation, the Berry
curvature in the Cartesian coordinate is given by
Ω−kxky =
∂(θ, φ)
∂(kx, ky)
·Ω−θφ =
1
2
∂(φ, cos θ)
∂(kx, ky)
. (A8)
The elements of the Jacobian can be expressed as
∂φ
∂ki
=
h1∂ih2 − h2∂ih1
|~h|2 − h23
, (A9)
∂ cos θ
∂ki
=
(|~h|2 − h23)∂ih3 − h3(h1∂ih1 + h2∂ih2)
|~h|3
, (A10)
where ∂i is the partial derivative with respect to ki, and thus
the Berry curvature is
Ω−kxky =
1
2
(
∂φ
∂kx
∂(cos θ)
∂ky
− ∂φ
∂ky
∂(cos θ)
∂kx
)
(A11)
=
1
2
~h · (∂kx~h × ∂ky~h)
|~h|3
. (A12)
In particular, the Berry curvature for single-band BdG Hamil-
tonian in k-space is obtained by substituting~h = (m1,−m2,m3)
with ~m~k = (Im∆~k,Re∆~k, ~k) as
Ω−kxky =
1
2
~m~k · (∂kx ~m~k × ∂ky ~m~k)
|~m~k |3
. (A13)
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